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Spatial Lag Model

y=pWyH XB+¢

= Using Maximum Likelihood Estimation (MLE) to estimate
rho (p) and beta (B).

TABLE 2.3. MLFE estimates of the spatially lagged y model.

ﬁ' SE{Q} z-value
Intercept -6.20 208 -2.98

Ln GDP per capita 0.99  0.28 3.59
p 0.56  0.08 7.43
N = 158

Log likelihood (df=4) = -491.10




‘ Equilibrium (Spillover) Effects in Spatial Lag Model
y=XG+pWy +e.

= (I—pW)y=Xj+e

spatial multiplier

m  E(y) =|(I- W) X4

This multiplier tells us how much of the change in x; will
“spill over” onto other states j and in turn affect y,
through the impact of y in the spatial lag.



Leontief Expansion

y=pWy+Xp+eé (3)

where p is the spatial autoregressive parameter with [p| < 1,
W is an n x n row-standardized spatial weights matrix that
represents the neighbor structure with spatial lag Wy as a
weighted average of neighboring values, and the other vari-
ables are as in Eq. (1). After some manipulation, the reduced
form of the spatial lag model can be expressed

y=(>-pW)'Xp+(I—pW) e (4)

where the “Leontief Inverse” (I — pW)™' links the depen-
dent variable y to all the x; in the system through a spatial
multiplier. Note that expanding the “Leontief Inverse” ma-
trix leads to an expanded form given that |p| <1 and wy,
the element of W, is less than 1 for row-standardized spatial
weights:

(I—pW)™ =1+ pW + p*W?* + .. (5)




Leontief Expansion (cont’d)

(I—pW)™" =1+ pW + p*W?*+ p’W? +..., then we have

=([+pW +p°W* +p’W> + )XB+U+pW +p°W? + p’W> + .. )¢
Yy P P P

= XB+|pWXBHp W’ KB +.. +6+pWe+ p’We+ ...

ripple effect or diffusion process




Measuring Spillover Effects

y=pWy+X3B+¢

To understand how one state’s GDP per capita
affects the expected value of democracy in other

states

(I— pW) ' BAz(i)



Measuring Spillover Effects

Equilibrium impacts of log GDP per capita (X) Effects on predicted democracy (Y)
for Russia if China had a POLITY score of 10
Country II‘HP act Country impact,

) - Tarwan 1.88
Russia 1.09 North Korea 1.88
People’s Republic of Korea (.24 Mongolia 1.88
Japan 0.24 Nepal L4l

. Bhutan 1.41
Mongolia 0.24 Pakistan 113
Finland 0.22 Laos 1.13
Estoma 0.21 Kyrgyzstan L.13

anglades .

o Bangladesh 1.13

Norway 0.20 Uzbekistan 04

0
Lithuama (.20 Thailand 0
Latvia 0.120 Myanmar/Burma 0
Armenia 0.18 };ﬂ;gmmﬂ 8 20

Vietnam 0
Afghanistan 0
Kazakhstan 0
Russia 0




Estimation of Spatial Spillover Effects
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{contrl+shift+enter} K



‘ Step-by-Step Instructions (Using Excel)

RHO

o B . e tn s s ka

o % . o tn s s ka

1 2 3 4 5 ] T 8
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0.200 0.000 0.200 0.200 0.200 0.200 0,000 0.000
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0.000 0.000 0.000 0.000 0.333 0.333 0,000 0.333
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‘ Step-by-Step Instructions (cont’d)

I J 1 2 3 + 5 [} 7 [ g J 1 2 3 4 5 [} 7 8 9

i 1 1 a 0 0 0 0 0 0 a 1 0.000 0233 0000 0233 0233 0000 0000 0.000 0.000
? 0 1 0 0 0 0 0 0 a z 0140 0000 0440 0440 0440 0140 0000 0.000 0.000
3 0 a 0 0 0 0 0 a 3 0.000 023 '33  0.000 0.000 0.000
4 0 a 1 0 0 0 0 a 4 0.140 0.4 00 0140 0.140 0.000
5 0 a 0 1 0 0 0 a 5 0.088 0.08 128 0.088 0.038 0.088
L] 0 a 0 0 1 0 0 a 8 0.000 014 00 0.000 0140 0.140
7 ] a 0 ] ] 1 ] ] 7 0.000  0.00 00 0.000 0 0233 0.000
] 0 a 0 0 0 0 0 1 a ] 0.000 0000 0000 04140 0440 0140 0140 0.000 0.140
) 0 a 0 0 0 0 0 0 1 ] 0.000 0000 0000 0000 0233 0233 0000 0233 0.000

{FRO*WN) J 1 2 3 ‘ 5 [} 7 [ [

i 1 1.000 0232 0.000 -0.222 -0.222  0.000 0.000 0.000 0.000
2 -0.140 1.000 -0.140 -0.140 -0.140  -0.140 0.000 0.000 0.000
1 0.000 -0.233 23 0.000 0.000 0.000
4 -0.140 -0.140 00 -0.140 -D.140 0.000
5 -0.088 -0.088 &8 -0.088 -D.088 -0D.0BB
L] 0.000 -0.140 -p oo 0.000 -0.140 -0.140
T 0.000 0.000 0o 1.000 -0.222  0.000
] 0.000 0.000 RTIT] BN -vcrsu o o) 001400 10000 00140
E 0.000 0.000 0.000 0.000 -0.232 0.2322 0,000 -0.233 1.000

SPATIAL MULTIPLIER
(-RO"WN)*-1 J 1 2 3 . 5 8 7 5 9

i 1 1.16887 0.43838 0.134524 0438377 052541 0.1857 0.1348 0.1857 01
2 0.26362 1.25707 0.263626 0.2214956 047116 0.2315 01138 0.1872 0.1138
3 0.124592 042828 1. 1245
£ 0.26383 03315 © 1138
5 0.20078 0.2B448 0O ( I - ' , / > = 1 2008
8 0.11284 0.2215 0. ’ , 2826




‘ TE# % % (Impulse of XorY)

Impulse of X: Impulse of Y:

Effect=(I — pW)™'X Effect =pWy

I X_IMPULSE EFFECT Y IMPULSE EFFECT 1’ NEIGHB RHO
1 1 1.169874 1 0.000 3
2 0 0.263626 0 0.200 5
3 0 0.134924 0 0.000 3
4 0 0.263626 0 0.200 5
5 0 020078 0 0.125 ;
6 0 011384 0 0.000 5
7 0 0.134924 0 0.000 3
8 0 011384 0 0.000 5
9 0 0.099974 0 0.000 3
SUM 2.495411 0.525




i ¥ - Spatial Lag Model y =pWyHh X3 +¢

Y. democracy score

X: GDP per capita
Spatial Spillover Effect

* R RETxBL - BHETF 2 0 RSy LR 2 en
y(& 2 i )Fmicsc sk y(% A 1 )IFHeree s
Effects on predicted democracy (Y)

Equilibrium impacts of log GDP per capita (X) _ _
if China had a POLITY score of 10

for Russia
. Country impact
Country [mpact _
- Taiwan 1.88
Russia 1.00 North Korea 1.88
People’s Republic of Korea  0.24 ]];Icmgc’ha 1.88
- epal 141
Japan 0.24 Bhutan 141
Mongoha 0.24 Pakistan 1.13
Finland 0.22 oS 113
. 9 Kyrgyzstan 1.13
Estonia 0.21 Bangladesh 1.13
Norway 0.20 Uzbekistan 0.94
Lithuama 0.20 D 0.94
Latv; 0.120 Myanmar/Burma (.94
atvia L2l Tajikistan 0.80
Armenia 0.18 India 0.80
Vietnam 0.80
Afghanistan 0.80
Kazakhstan 0.70

Russia 0.28




## ¥ : Measuring Spatial Spillover Effect

xR - BEZ HyDRiock By - BE = Hyhlioes
y — K'Ij + Fﬁ‘;'f y T €. Holding X and the other

parameters constant

™ I-pW)y=Xp+e =Wy Xsi+e

spatial multiplier

= : - ,r_:.wr‘@a.




I M _MPULS EFFECT  V_WMPULE EFFECT # NEWGHE RHO
7 1 1.16987 1 1.000 3 0.7
2 0 026363 0 0140 5

3 0 013492 0 0.000 3

4 0 026363 0 0140 5

g 0 0.20073 0 0.088 =

] 0 011384 0 0.000 5

7 0 013492 0 0.000 3

& 0 011384 0 0.000 5

L 0 0.09997 0 0.000 3

LA 2.49541 1.3675

I M _MPULS EFFECT  V_WMPULE EFFECT # NEWGHE RHO
7 1 1.74418 1 1.233 3 0.7
2 1 1.78432 1 1.280 5

3 1 1.74418 1 1.233 3

4 0 0.7058496 0 0280 5

g 0 0.69604 0 0263 =

] 0 0.7058496 0 0280 5

7 0 0.42463 0 0.000 3

& 0 0.41485 0 0.000 5

L 0 0.42463 0 0.000 3

LA 8.65076 4.56917




R Lab: The impact of change in a town (% k%K)
on other towns

The Impacts on Other Towns

75 MARHY X (FRESELHT) ¥E0 1 BT
Y (TBEER) HyE IS

TEDATa. FULLNAME rus.estT

301 TERERRSESAIEE 0. 00111
294 TETERSFANRIEE 0. 00024
291 TETERRTETETE 0. 00019
295 TEREREE SR 0. 00017
296 TETERRSFENRE 0. 00010
41 ‘BB MRl 0. 00009
145 EiFER{"EWE 0. 00007
302 TETERREESEE 0. 00006
106 S EEFOEE 0. 00005
292 TEIERLEf+EE 0. 00002




TE Incidence

R code: Loading Shapefiles

0.030

0.028

0.020

- 0.015

- 0.010

rm(list=1s()) [ 0.008
setwd("D:/R_Labs/SA2018")

Tibrary(rgdal) [ 0.000

Tibrary (spdep)

# Load Shapefiles
TWN.TB <- readOoGR(dsn = "SHP", Tlayer = "Taiwan_TB", encoding="utf-8")

head(TwN.TBCdata)
Im.palette <- colorRampPalette(c("white"”,"orange”, "red"), space = "rgh")
spplot(TWN.TB, zcol="TBINCI", col.regions=Im.palette(20), main="TB Incidence")




R code: Neighbors and Weighting Matrix

# Neighbors: Construct neighbors Tist
TWN_nbg<-poTly2nb(TWN.TB) #QUEEN = TRUE
summary (TWN_nbq)

# Neighborhood Matrix
TWN_nbg_w.mat <-nbZmat(TwN_nbq, style="w", zero.policy=T) # row-standardized
TWN_nbg_w2.mat <-nb2mat(TwWN_nbq, style="B", zero.policy=T) # binary

# Row-standardized weights matrix (list)

TWN_nbg_w<- nb2listw(TwN_nbg, zero.policy=T)

# Binary matrix (list)

TWN_nbg_whb2<-nb21istw(TWN_nbqg, style="B", zero.policy=T)




‘ R code: OLS Model

# OLS Regression

TBData<-TwWN.TBCdata
TBINCI<-TWN.TBGdata$TBINCI # TBEEM4 ==
ABOR_P<-TWN.TBGdata$SABOR_P # [& { B Lk
INCOME<-TWN. TBG@dataSINCOME # T4 5 F Ui A

TB.Im<- Tm(TBINCI ~ ABOR_P + INCOME, data=TBData); summary(TB.Tm)

# Global Moran's I for LM regression residuals

TB.moran0 <- TIm.morantest(TB.Im, TWN_nbg_w, zero.policy=T); TB.moran0Q

#lLagrange Multiplier Test Statistics for Spatial Autocorrelation
TB. lagrange <- Im.LMtests(TB.1m, TWN_nbg_w, test=c("LMerr"”,"RLMerr", " "LMlag

summary(TB. lagrange)

# MLE of the Spatial Lag Model

RLMTag","SARMA"), zero.policy=T)

TB.lag <- lagsarIm(TBINCI -~ ABOR_P + INCOME, data=TBData, TWN_nbg_w, zero.policy=T); summary(TB.lag)

= TB.Im<- Tm(TBINCI ~ ABOR_P + INCOME, data=TBData):; summary(TB.Tm)

call:
Im(formula = TBINCI ~ ABOR_P + INCOME, data = TBData)

Residuals:
Min 10 Median 30 Max
-0.0065203 -0.0009545 -0.0000505 0.0009511 0.0155064

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 4.852e-03 3.310e-04 14.657 < 2e-16 ***
ABOR_P 1.273e-02 7.155e-04 17.797 < 2e-16 ===
INCOME -6.510e-06 2.135e-06 -3.049 0.00247 **

Signif. codes: 0 *#***' 0.001 **=' 0.01 %" 0.05 *." 0.1




‘ R code: Results of Spatial Lag Model

call:lagsarim(formula = TBINCI ~ ABOR_F + INCOME, data = TBData, listw = TwN_nbg_w,
zero.policy = T)

Residuals:
Min 10 Median 3Q Max
-8.0582e-03 -7.2283e-04 -6.3813e-06 8.4425e-04 1.4849%e-02

Type: lag

Regions with no neighbours included:

262 284 289

Coefficients: (numerical Hessian approximate standard errors)
Estimate 5Std. Error z value Pri=|z|)

(Intercept) 2.8197e-03 4.3929%e-04 6.4188 1.374e-10

ABOR_P 1.0405e-02 7.5813e-04 13,7247 < 2.2e-16

INCOME -3.1862e-06 2.0478Be-06 -1.5559 0.1197

Rho: 0.34805, LR test value: 37.499, p-value: 9.1474e-10

Approximate (numerical Hessian) standard error: 0.053804
Zz-value: 6.4689, p-value: 9.869le-11

wald statistic: 41.847, p-value: 9,8691le-11

Log likelihood: 1640.718 for lag model
ML residual wvariance (sigma squared): 5.1089%e-06, (sigma: 0.0022603)
NMumber of obserwvations: 352

Number of parameters estimated: 5
|AIC: -3271.4, (AxIC for Im: -3235.9)




‘ R code: Estimation of Spatial Spillover Effects

# Modeling Spatial Equilibrium Effect

TB.lag2 <- lagsarIm(TBINCI -~ ABOR_P, data=TBData, TWN_nbqg_w, zero.policy=T); summary(TB.lag2)

rho<-coef(TB.lag2) [1]
beta<-coef(TB. lag2)[3]

Call:lagsarim(formula = TBINCI ~ ABOR_P, data = TBData, listw

Residuals:

Min 10 Median 0 Max
-8.3573e-03 -7.3359e-04 2.5877e-05 B8.796%9e-04 1.4728e-02
Type: lag
Regions with no neighbours included:

262 28B4 289

Coefficients: (numerical Hessian approximate standard errors)
Estimate Std. Error z value Pr(>=|z|)

(Intercept) 0.0022801 0.0002673 8.5299 < 2.2e-16

ABOR_P 0.0106192 0.0007466 14.2235 < 2.2e-16

Rho: 0.36831, LR test value: 44,353, p-value: 2.7419e-11

TWN_nbg_w,

zero.policy = T)




R code: The impact of change in a town ( % }k %K)
on other towns

# example of impact on other townships (observation No.301)
cvec <- rep(0,dim(TBData) [1])
cvec[301] <- 0.1 # F&3E B | 44

# Store estimates for impact of change in one town in rus.est
eye <- matrix(0,nrow=dim(TBData)[1],ncol=dim(TBData)[1])
diagleye) <- 1

rus.est <- solveleye - rho * TwWN_nbg_w.mat) **% cvec * beta

# Find ten highest values of rus.est vector
rus.est <- round(rus.est,6)

rus.est <- data.frame(TBDataiFULLNAME,rus.est)
rus.estlreviorder(rus.estfrus.est)), [1:10,]

TWN.TBSrus.est <-rus.est[,2]
spplot(TWN.TB, zcol="rus.est"”, col.regions=Im.palette(20), main="TB Spillover Effects")




R code: The impact of change in a town ( % }k5k)
on other towns

The Impacts on Other Towns

TEDATa. FULLNAME rus.estT

301 TERERRSESAIEE 0. 00111
294 TETERSFANRIEE 0. 00024
291 TETERRTETETE 0. 00019
295 TEREREE SR 0. 00017
296 TETERRSFENRE 0. 00010
41 EriBsE R 0. 00009
145 Ef=BR{C iRl 0. 00007
302 TETERREESEE 0. 00006
106 S ERFNEEE 0. 00005
292 TEiEBREHF$E 0. 00002




Example: Tuberculosis (TB) Diffusion

OPEN a ACCESS Freely available online @ PLOS | ONE

Spatial Dependency of Tuberculosis Incidence in Taiwan

In-Chan Ng', Tzai-Hung Wen?®*, Jann-Yuan Wang?, Chi-Tai Fang'"?*

1 Institute of Epidemiology and Preventive Medicine, College of Public Health, National Taiwan University, Taipei, Taiwan, 2 Department of Geography, College of Science,
Mational Taiwan University, Taipel, Taiwan, 3 Department of Internal Medicine, Mational Taiwan University Hospital, Taipei, Taiwan

Abstract

Tuberculosis (TB) disease can be caused by either recent transmission from infectious patients or reactivation of remote
latent infection. Spatial dependency (correlation between nearby geographic areas) in tuberculosis incidence is a signature
for chains of recent transmission with geographic diffusion. To understand the contribution of recent transmission in the TB
endemic in Taiwan, where reactivation has been assumed to be the predominant mode of pathogenesis, we used spatial
regression analysis to examine whether there was spatial dependency between the TB incidence in each township and in its
neighbors. A total of 90,661 TB cases from 349 townships in 2003-2008 were included in this analysis. After adjusting for the
effects of confounding socioeconomic variables, including the percentages of aboriginals and average household income,
the results show that the spatial lag parameter remains positively significant (0.43, p<0.001), which indicates that the TB
incidences of neighboring townships had an effect on the TB incidence in each township. Townships with substantial spatial
spillover effects were mainly located in the northern, western and eastern parts of Taiwan. Spatial dependency implies that
recent transmission plays a significant role in the pathogenesis of TB in Taiwan. Therefore, in addition to the current focus
on improving the cure rate under directly observed therapy programs, more resource need to be allocated to active case
finding in order to break the chain of transmission.

Citation: Ng C, Wen T-H, Wang J-¥, Fang C-T (2012) Spatial Dependency of Tuberculosis Incidence in Taiwan. PLoS OME 7(11): e50740. doi10.1371/
iournal.pone. 0050740




Spatial Models

OLS Model

ay=pX+e¢

Spatial Lag Model
ay=pWytfX+e
Spatial-temporal Lag Model

Yoo = PWyeyy TP X T &



‘ Results: Model Comparisons

Table 3. Multiple regression analyses: ordinary least square (OLS) model, spatial lag model, and spatial time lag model.

Variable OLS model” Spatial Lag model’ Spatial-Time Lag model’
ABOR_P 1.38%* 1.19%%* 1.15%%%
INCOME2 —0.15%%* —0.08 —0.07
INCOME3 —0.34%** —1), 2] ** — ()22 M
Spatial Lag (Wy) - Q.43 % -

Spatial Time Lag (Wy,_,) - - 64.63**
Adjusted R* 053 - 0.42

Log likelihood —97.04 —78.52 —137.21
AIC 202.08 167.05 28442
*p=<0.05

0,01

w445 <0001

-"~*[}ependent variable: In (TB_INCI)

"'Dependent variable: In (TB_INCI_6).

See Table 1 for variables abbreviation AIC: Akaike's information criterion.
doi:10.1371/journal pone.0050740.1003




‘ Results: Spatial Multiplier Effect

Histogram of multiplier
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Figure 2. Spatial variations and the histogram of spatial multipliers.
doi:10.1371/journal pone.0050740.g002




