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Spatial Point Clustering

 Spatial point clustering 

 Distance-based methods (summary functions )

 G(d), and F(d) Functions

 Ripley's K(d) function

 Density-based methods

 Smoothing: Kernel density estimation (KDE)

 Kernel density estimation

 Optimal bandwidth for kernel smoothing



課程大綱

 Density-based methods

 Kernel density estimation (KDE)

 Kernel density estimation

 Optimal bandwidth for kernel smoothing

 Dual KDE

 Considering underlying population

 Detecting change over time

heat map; density map



Probability Density Function (PDF)

Samples, n = 55 Population: norm(70, 20)



Kernel Density Estimation (KDE)



Density method

Intensity of Point P



KDE Calculation Procedures

Source: Joseph K. Berry, W.M. Keck (2009) 



f(d1)=W1 

f(d2)=W2 

Step 1: 研究區域建立均勻網格 (cell / grid)

Step 2: 設定搜尋半徑 (bandwidth, h)

Step 3: 選擇核密度函數 (Kernel function)

W= W1+W2

density estimate at (x,y)





Kernel Density Estimation



Kernel Function: Normal distribution

g(xj) is the density of cell j

g(xj) 

Probability density 
function

KW: weight

I: indicator function



Different Kernel Functions

Uniform Distribution Normal Distribution



Choosing Appropriate Kernel Functions



KDE Parameters

 Choosing appropriate kernel functions

 Normal (bell curve) 

 peaks & declines rapidly

 No defined radius; continues across entire grid

Source: CrimeStat III Workbook



KDE Parameters

 Choosing appropriate kernel functions

 Uniform (flat) distribution

 Represented by cylinder; all points in radius equal

Source: CrimeStat III Workbook



KDE Parameters

 Choosing appropriate kernel functions

 Quartic (spherical) distribution

 Gradual curve; density highest over point; falls to limit of 

radius

Source: CrimeStat III Workbook



KDE Parameters

 Choosing appropriate kernel functions

 Triangular (conical) distribution

 Peaks above the point; falls off in a linear manner to edges of 

radius

Source: CrimeStat III Workbook



KDE Parameters

 Choosing appropriate kernel functions

 Negative exponential distribution

 Curve that falls off rapidly from the peak to a specified radius

Source: CrimeStat III Workbook



KDE Parameters

 Each method will produce different results

 Triangular & negative exponential produce many small 

hot and cold spots

 Quartile, uniform and normal distribution functions 

smooth data more

Negative exponential              Normal Distribution
Source: CrimeStat III Workbook



Incident Type Interval Interpolation Method Reasoning

Residential 
burglaries
(住宅竊盜)

1 mile Moderately dispersed: 
quartic or uniform

Some burglars choose particular houses, but most 
cruise neighborhoods looking for likely targets. A 
housebreak in any part of a neighborhood transfers 
risk to the rest of the neighborhood.

Domestic 
violence
(家庭暴力)

0.1 mile Tightly focused: 
negative exponential

Domestic violence occurs among specific 
individuals and families. Incidents at one location 
do not have much chance of being contagious in 
the surrounding area.

Commercial 
robberies
(商業搶劫)

2 miles Focused: triangular or 
negative exponential

A commercial robber probably chooses to strike in a 
commercial area, and then looks for preferred 
targets (banks, convenience stores) within that area. 
The wide area may thus be at some risk, but the 
brunt of the weight should remain with the 
particular target that has already been struck.

Thefts from 
vehicles
(汽機車偷竊)

0.25 
mile

Dispersed: uniform If a parking lot experiences a lot of thefts from 
vehicles, your GIS will probably geocode them at 
the center of the parcel. This method ensures that 
the risk disperses evenly across the parcel and part 
of the surrounding area (which probably makes 
sense)—but not too far, since we know that parking 
lots tend to be hot spots for specific reasons.

Source: CrimeStat III Workbook



Choosing Optimal Bandwidth: 
Fixed vs. Adaptive Intervals

 Depending on the type of kernel estimate used, 
this interval has a slightly different meaning. 

 For the normal kernel function, the bandwidth is 
the standard deviation of the normal distribution.

 For the uniform, quartic, triangular, or negative 
exponential kernels, the bandwidth is the radius 
of the search area



Choosing Optimal Bandwidth: 
1. Suggested settings 



Choosing Optimal Bandwidth 
2. Estimating range of influence:
K-order nearest neighbor analysis



Choosing Optimal Bandwidth 
2. Estimating range of influence:
Incremental spatial autocorrelation

Measures spatial autocorrelation for a series of distances and 
optionally creates a line graph of those distances and their 
corresponding z-scores. Z-scores reflect the intensity of spatial 
clustering, and statistically significant peak z-scores indicate 
distances where spatial processes promoting clustering are 
most pronounced. These peak distances are often appropriate 
values to use for tools with a Distance Band or Distance Radius 
parameter.

http://pro.arcgis.com/en/pro-app/tool-reference/spatial-statistics/incremental-spatial-autocorrelation.htm



Incremental spatial autocorrelation

http://pro.arcgis.com/en/pro-app/tool-reference/spatial-statistics/incremental-spatial-autocorrelation.htm



Choosing Optimal Bandwidth 
2. Estimating range of influence: User-defined

Previous studies of the moving distance of 
humans and vectors (Harrington et al., 2005; 
Maciel-De-Freitas, Codeco, & Lourenco-de-
Oliveira, 2007; Wen et al., 2012) were used to 
establish dengue risk maps, with a searching 
radius of 1500 m and vector risk maps with a 
searching radius of 300 m.



Choosing Optimal Bandwidth: 
Adaptive Intervals

 Density estimation and adaptive bandwidths: A primer for 

public health practitioners, International Journal of Health 

Geographics 2010, 9:39.

 Selection of bandwidth type and adjustment side in kernel 

density estimation over inhomogeneous backgrounds, 

International Journal of Geographical Information Science 

2010, 24:5.



補充參考
核密度圖 (kernel density map)

http://www.heatmapapi.com/Default.aspx

http://www.heatmapapi.com/Default.aspx


小結

 需要針對不同的資料型態，選擇合適的方法。

 運用各種統計分析方法亦需瞭解其各種方法的基本假設、

分析模式的侷限性以及分析結果的正確解讀。

 透過各種資料型態與不同統計方法的分析，在各種方法間

之相互比較，若都有共同的分析結果，較能合理的反映出

該地區確實具有地理群聚現象。



Dual Kernel: Measuring Change over Time



Dual Kernel: Underlying Population-adjusted 
Kernel Densities

Locations of Schools Population Density

Real
Clusters?



Comparing two densities

PTS 1 PTS 2



Raster Algebra：PTS 1 – PTS 2



Dual KDE的應用

[2] Underlying population-adjusted densities

[1] Detecting change over time 



延伸應用：



延伸應用：網絡空間的核密度估計簡介

 原理與平面空間的核密度估計類似

 相異點：

1. 網絡空間 vs. 平面空間

2. 最短路徑 vs. 直線距離

3. 岔路的處理



延伸應用：Kernel Density in Network



延伸應用：Kernel Density in Network



在哪些情況下，
網絡空間的核密度估計能更適當地表現出真實的群聚現象？
在哪些情況下，平面空間的核密度估計比較恰當？

延伸應用：Kernel Density in Network



熱區…?!



岔路的處理

皆為熱區



R 實作

https://jancaha.github.io/SpatialKDE/index.html



R code: Using Kde() function



Step 1: Generating grids

grid1 <- create_grid_rectangular(TN_BND, cell_size = 500)

台南市邊框



Step 2: Kernel density estimation

TN_KDE <- kde(schools_sf, band_width = 4000, grid = grid1)

學校點資料



Step 3: Mapping

TN_KDE_lyr <- tm_shape(TN_KDE) + 

tm_polygons( col = "kde_value", 

palette = "Greens", 

border.alpha=0, 

title = "school density") 



R code: Raster format

raster_grid <- create_raster(TPE_BND, cell_size = 100)

TPE_Pts1 <- kde(pts1_sf, band_width = 3000, 

grid = raster_grid)

TPE_KDE1_lyr <- tm_shape(TPE_Pts1) 

+ tm_raster(palette = "Greens", 

title = "KDE of Pts 1")



R code: Raster format



R code: Raster Algebra

TPE_Diff<- TPE_Pts2 - 10 * TPE_Pts1

TPE_Diff_lyr<- tm_shape(TPE_Diff) 

+ tm_raster(palette = "OrRd", title = "Diff")



 利用KDE方法，分別呈現台灣南部地區

(嘉義、台南、高雄與屏東縣市)的

「媽祖」與「觀音菩薩」寺廟密度地圖。

本週實習



本週作業-1

 透過 KDE方法，設定網格大小為 100×100公尺，

核密度函數為 quartic ，搜尋半徑為 1000公尺，

找出哪些學校周圍的速食店市場獨占性最高？

（即該地方附近的速食店多但學校數量少）

 (1) 依上述題幹，繪製 Dual KDE地圖。

 (2) 列出速食店獨占性最高的三間學校的名稱

（Hint: 學校所在網格之 KDE數值）。



本週作業-2

 論文研讀心得

https://www.mdpi.com/2413-8851/2/3/91


